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We examine various manipulations of photon number states which can be implemented by telepor- 
tation technique with number sum measurement. The preparations of the Einstein-Podolsky-Rosen 
resources as well as the number sum measurement resulting in projection to certain Bell state may 
be done conditionally with linear optical elements, i.e., beam splitters, phase shifters and zero- 
one-photon detectors. Squeezed vacuum states are used as primary entanglement resource, while 
single-photon sources are not required. 
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I. INTRODUCTION 

\ Extensive research and development have been done 
recently on quantum information technologies, and tele- 
portation is known to provide important tools for quan- 
tum communication and information processing. Its pro- 
tocol was originally proposed by using a two-dimensional 
system, qubit, such as the polarization of light 0. Other 
protocols were also considered to teleport the quadra- 

■ ture phase components 0, 13| and the multi-dimensional 
states such as photon number states 0, |3j S 01 ■ Among 
these media for quantum teleportation, the photon num- 
ber Fock space may be considered more promising in 
the view point that it provides higher dimensional states 
such as qutrits to carry more quantum information than 
qubits. 

In order to perform faithfully the number state telepor- 
tation in some finite dimensional subspace of Fock space, 

' maximally entangled Einstein-Podolsky-Rosen (EPR) re- 
source is required. Then, we have proposed recently a 

\ practical method to generate such EPR states |^. That 
is, more entangled states are obtained from a pair of 
squeezed vacuum states via swapping by performing the 
number-phase Bell measurement. In particular, the re- 
sultant states arc maximally entangled by adjusting the 
two squeezing parameters to the same value. This may 

' be viewed as entanglement concentration 0. The num- 
ber state teleportation can be performed by using these 
number-phase Bell states. It is noticed in this telepor- 
tation that some manipulations are made such as shift 
and truncation of photon number states and also scaling 
of amplitudes by the ratio of two squeezing parameters. 
In this way, teleportation protocols may be considered 
at the same time as those to manipulate input states 
by projectictive measurements with EPR resources (ir- 
respective of teleportation fidelity). In fact, quantum 
scissors protocol is investigated for number state trunca- 
tion by projective measurement [1,0, ^3- Therefore, we 
may expect that various manipulations of number states 



are implemented via teleportation without knowing the 
input states. This method can also be used to transfer 
to the output states the quantum information encoded 
in the EPR resources. 

In this article, we examine various manipulations of 
number states based on teleportation using projective 
measurement of Bell state with certain number sum. 
For this purpose, EPR resources with number differ- 
ence and those with number sum N are found to 
be useful. These essential ingredients for teleportation, 
EPR resources and projective measurements, will be real- 
ized experimentally with linear optics, specifically beam 
splitters, phase shifters and zcro-onc-photon detectors. 
Squeezed vacuum states are used as primary entangle- 
ment resource, while single-photon sources are not re- 
quired. This may be an interesting point in the present 
scheme. 

In Sec. m we consider the desired EPR resources. 
Then, in Sec. IIIII we describe how the projective mea- 
surements to the number sum Bell states are realized 
with linear optics. In Sec. IIVI some basic manipulations 
arc obtained via number state tclcportations with these 
EPR resources and the number sum measurement, and 
then by combining these tools various manipulations are 
constructed. Sec. [Vjis devoted to summary. 



II. EPR RESOURCE 

We begin with examining the EPR resource which may 
be shared by Bob and Alice for number state telepor- 
tation. We present in the following two kinds of EPR 
resources with certain number difference and sum, re- 
spectively, and consider their characteristic properties. 



A. Number difference resource 

An EPR state with number difference is given gen- 
erally with amplitude distribution d = (di, ^2, . . .) by 
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|EPR)i2 = |0,d)i-)=^4|fc>i|fc>2. 



(1) 
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Among such states, squeezed vacuum states generated 
by parametric down conversion may be primarily inter- 
esting. They are used widely as entanglement resource 
in various experiments utilizing photons. A two- mode 
squeezed vacuum state is described as 



|A)i2 = (l-A2)i/2^A'=|fc)i|fc)2, 



(2) 



k=0 



where A is the squeezing parameter. This non-uniform 
number distribution with A < 1 in Eq. (0) is attributed 
to the fact that the Fock space is infinite dimensional 
while the energy should be finite for the physical states. 
Hence, the squeezed vacuum states are not maximally 
entangled. We may also use a photon-subtracted state 
which is generated from a squeezed vacuum state [TTI |: 



IA,-1) 



^ >-J2{k + l)\''\k),\kh. (3) 



1 + A2 



k=0 



EPR states with number difference AN ^ may further 
be used, with which the photon number shift is induced 
via teleportation. They are. however, not considered in 
the following, since the number shift of AA^ = N — N is 
also realized by taking number sum A^ EPR states and 
number sum N measurement, as seen in Sec. IIVI 



B. Number sum resource 

We next consider EPR states with number sum A^. An 
A^-photon entangled state is given generally by 

N 

|EPR)i2-|A^,d)(+) -^dfc|Af-fc)i|fc)2. (4) 

Specifically, we consider the Bell states of number sum 
and phase difference [6l lT^IT3l| . 

\N,m)u=Y. |iV-fc)i|fc)2, (5) 



k=0 



where m = 0, 1, . . . , A^ mod A^ + l (jA^, -l)i2 = \N,N)i2, 
etc), and the (A^ -I- l)-root is given by 



LUN+i = exp[i2n/iN+l)], {u;n+i)^+' = 1- (6) P(^,A,A') 



These Bell states with number sum A^ arc also the eigen- 
states of the suitably defined Hermitian operator of phase 
difference, and the eigenvalues arc given by 



27r 
N + 1 



(7) 



Here an arbitrary nonzero reference phase may be in- 
cluded in (pi^'^ by a phase shift of the mode 2 as 02 — > 
e"^a2 in Eq. (jSJ , though it does not change the following 
investigations. 



As proposed in Ref. [6j, we can generate the number- 
phase Bell states by performing the number-phase mea- 
surement on a pair of squeezed vacuum states. Two 
squeezed vacuum states, 1-3 system and 2-4 system, are 
rearranged via swapping (1-3, 2-4) (1-2, 3-4) as 



|A)i3|A')24 = (l-A^)i/2(l-A'2)i/2^ 



N=0 



K{X,y,N) 

\/aTT 



^ |A^,-m)34|7V,TO,r)i2. 



(8) 



Here, the generalized Bell states are introduced as 



|iV, m,r) 12 = ^77:;— 2^ 7==^r \N - k)i\k)2 



A'(A,A',Af)^ x/7vTT 



with the ratio of the squeezing parameters 

r = A'/A 
and the normalization factor 

"^2(7V+l) _ ^/2(Ar-|-l) 1 ^/^ 



A'(A,A',A) = 



A2 - A'2 



(9) 
(10) 

(11) 



Then, the generalized Bell state \N,m,r) 12 is obtained 
by the number-phase measurement of |A^, —m)^^: 



|A)i3|A')24^ |A^,m,r)i2. 



(12) 



In particular, they are maximally entangled by adjusting 
the squeezing parameters as A = A', i.e., 



\N,m,r)r. 



|A,m)i2 = |A^,m,l) 



12- 



(13) 



The probability to obtain the specific Bell state 
|A^, m, r)i2 by measuring |A^, —771)34 is given from Eq. (jSj) 

as 

/-I \2W-| y2W2N 1 „2(W+1) 

piN,x,y)= ^'''l':' 2 (14) 

A 4- 1 1 — r-^ 

This probability is evaluated for the typical cases of r as 

(-^»i'-'«i) 

^+1 , (15) 

(1-A2)2A2^ (r«l) 



where A = max[A, A']. It is then estimated for generic r 
with optimal value of A « [1 - (A^ + « 0.7 - 0.9 

for 1< A^ < 5 as 



P(A,A,A') 



e(A^ + 1)2' 



(16) 



where [1 - (A' -|- 1)"^]^ « 1/e for A^ > 1 is consid- 
ered. The success probability p{N) for the measurement 
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of \N,~m)34 is included henceforth, as will be given in 
Eq. (|42|) . since it may be done conditionally. 

There are of course other maximally entangled TV- 
photon states than the number-phase Bell states, e.g., 
(|2)i|0)2 + z|l)i|l>2 + |0)i|l)2)/V3 with N = 2. Some 
general methods to obtain A^-photon entangled states 
have been investigated by utilizing linear optical devices 

MM 



III. NUMBER SUM MEASUREMENT 

We adopt the measurement resulting in projection to 
certain Bell state with number sum N, 



N 



1) 



0) |0) |1> 



N 



|Bell)oi = |iV,d)[,|) =^Jz|7V-/)o|0i, 



(17) 



1=0 




where N may or may not be equal to N of the EPR 



resource 



Actually, as shown in Fig. □ the pjc i- a schematic diagram for the linear optical detector 



number sum measurement for the Bell state |A^,d)Q^'' 
may be performed with some probability by setting suit- 
ably linear optical elements, i.e., beam splitters, phase 
shifters and zero-one-photon detectors. This method is 
based on the idea of photon chopping 0, ^3 ■ Since the 
total number of photons is conserved through this linear 
optical set, the number sum N is measured as the to- 
tal count of photon detections. The aim of the present 
analysis is to provide various manipulations of photon 
number states with linear optics, and hence we assume 
for clarity that the zero-one-photon detectors can ideally 
discriminate the photon numbers n = 0, 1 and more. 
The estimate of efficiency in actual experiments with 
imperfect detectors will be presented elsewhere specifi- 
cally for the manipulations of qubits and qutrits. The 
single-photon detection is essential and quite challeng- 
ing for realizing quantum communication and process- 
ing with photon number states. It is indeed encouraging 
that some significant developments and new proposals 
have been made for single-photon detection to achieve 
the quantum efficiency close to unity llSj, Jl^] . 

The projection to the number sum Bell state \N, d)!,^'' 
in Eq. (|17|l will be done as follows by attaching some 
number of ancilla modes which are initially in the vacuum 
states |0)g^'g. By suitably setting the optical elements and 
choosing their parameters, the desired Bell state may be 
transformed as 



of Bell state |A'^,d)Q^' with number sum A^. The input two- 
mode state, which may contain |iV,d)Q'|-', enters the detec- 
tor together with the vacuum states of several ancilla modes. 
Only the Bell state |iV,d>^|^ passing through this detector 
gives the output of the one photon states in the A'^ ports (l' 
to A*'') and the vacuum states in the other ports with proba- 
bility amplitude g^. 



in the others, we can measure the Bell state |A",d)g^'' 
conditionally with success probability 



piN,d) = \g^\ 



(19) 



It should be mentioned that the number sum is not 
enough to specify the Bell state in Eq. H17|l with the 
amplitude distribution d. Then, the joint measurement 
of number sum and phase difference is usually adopted 
in number state telcportation IE IS i which results 

in the projection to the Bell state 



N 

E 



Vn + 1 



\N^l)o\l)i 



(20) 



This state becomes |A^, m)oi with the discrete eigenvalue 



of phase difference 



We may eliminate the 



|0), 



.9ali>i' 



i{N+i: 



{N+2) 



(18) 



phase factor (e""^)'' with a phase shifter on the mode 1 
making the transformation ai e^'^ai. Hence, in the fol- 
lowing we adopt specifically the projective measurement 
of the TV-photon Bell state with phase difference </) = 0, 



with nonzero coefRcient g^, while any orthogonal state 

dj_)Q^^ does not contain the first component, where 
". . ." in the second line represents the output states with 
other photon number distributions. Then, by registering 
one photon in the output ports 1' to A^' and no photon 



|TV,0)oi 
with 



|iV)o|0)i + |iV-l)o|l)i + ... + |0)o|iV)i 



VN + l 



(1,1,. 



N + 1. 



(21) 



(22) 
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where 




o>,|i> 



BS 



J 



~^ — 

7V = 0,m = 0>, |7V = l,m = 0,l> 



FIG. 2: A schematic diagram for the measurement of the 
Bell states |iV = 0, m = 0) and |iV = 1, m = 0, 1), where "BS" 
and "PD" represent the beam splitter and photon detector, 
respectively. These Bell states with number sum = 0, 1 can 
be determined completely with the 50/50 beam splitter from 
the result of the two photon detectors, when they both detect 
the vacuum or one photon states. 



The projective measurement of jiV, 0)oi may be done 
practically with linear optics. The measurement of 
|0,0)oi with TV = and |l,0)oi, |l,l)oi with N = 1 
is made at the same time through a 50/50 beam split- 
ter with photon countings on the two output ports, as is 
well known. For the case of |2, 0)oi with N ~ 2, we have 
recently proposed a conditional method, which would be 
extended to the cases of TV > 3. The number-phase Bell 
bases \N,rh) qi to be measured are explicitly given for 
TV = with cji = 1, TV = 1 with uj2 = -1 and TV = 2 
with UJ3 = uj, uj^ = 1 (the indices and 1 denoting the 
modes omitted) as 



TV = : 


|G,0) 


= |0)|0), 


(23) 


TV = 1 : 


|i,o) 


-(|i)|o)- 


H0)|i))/^/2, 




|1,1> 


= (|i>|o>- 


-|0)|1))/V2, (24) 


TV = 2 : 


|2,0) 


==(12)10)- 


h|l)|l) + |0)|2))/^/3, 




|2,1> 


-(|2)|0)- 


h^*|l)|l)+^|0)|2))/A/3, 




|2,2> 


= (|2)|0)- 


ht^|l)|l) +cj*|G)|2))/\/3.(25) 



We describe in the following the projective measurement 
of these Bell states. 

A linear optical operation on the two modes i and j 
is made by a combination of beam splitter and phase 
shifter, which is represented by a U(2) transformation as 



(26) 




U, 



(y) 



c — s?7 



(27) 



with c^ + s^ = 1 (c, s > 0) and |?7| = |^| = 1. Generally, it 
should be noted that any unitary transformation of U(TV) 
among TV photon modes can be realized in this way [20| ■ 
The number-phase Bell measurement can be done for the 
cases of TV = 0, 1 by using a 50/50 beam splitter with 



(c,s,^,77)(oi) = (1/V2,1/V2,1,1), 



(28) 



as shown in Fig. El The Bell states are transformed 
through the beam splitter as 



A^ = : |0,0)oi = |0)o'|0)p, 
TV=1 : |l,0)oi - |l)o'|0)r, 
|l,l)oi = -|0)o'|l)i' 



(29) 
(30) 



Then, if no photons are registered by the photon detec- 
tors, the state |0, 0)oi is measured. On the other hand, if 
we detect one photon in the mode 0' (!') and none in the 
mode 1' (0'), we measure the state |l,0)oi (|l,l)oi). The 
other results of the photon detectors indicate the states 
with number sum more than 1. In this special case with 
TV = 0, 1, the Bell measurement can be done completely 
with success probability 



p(TV==0, 1) = 1. 



(31) 



The measurement of Bell state |2, 0)oi with TV = 2 can 
be done conditionally, as shown in Fig. |2| introducing 
one ancilla mode "a" . A scries of unitary transformations 
such as given in Eq. H2t)|) are made among these three 
modes through this optical set [20l |: 



U — t/(0a)t^(la)t^(01)j 



(32) 



where these unitary matrices are 3x3 ones by extending 
obviously Eq. 1)26(1 . The number-phase Bell states of 
TV = 2 with the ancilla mode attached are given by 



|2,m) 



oi|0>a = E^?^«HlO)o|0)i|0>a 

= E4?'44io)o'io)i'io)a 



These states are transformed with U as 
and particularly 



|2,0)oi|0)a 
|2,l)oi|0)a 

|2,2)oi|0). 



3o|0)o'|l)i'|l) 
5i|0)o'|l)i'|l> 
52|0)o'|l)i'|l> 



(33) 



(34) 



(35) 
(36) 
(37) 
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A^ = 2,m = 0> 



FIG. 3: A schematic diagram for the measurement of the Bell 
state |iV = 2,m = 0), where "BS", "PD" and "M" represent 
the beam splitter combined with phase shifter (if necessary), 
photon detector and mirror, respectively. By adjusting suit- 
ably the parameters of beam splitters, as given in the text, 
the Bell state |A'^ = 2, m = 0) to be measured is identified 
conditionally when the specific output state |0)o' |f)a' is 
obtained by the three photon detectors. 



where gm = Cj/^/', and ". . ." represents the other orthog- 
onal states. It is here possible to adjust the parameters 
of the linear operation U so as to give 



50 7^ 0, 51 = 0, 52 = 0. 
The relevant parameters are taken for example as 

11 



(c,s,r;,C)(oa) = (-^,-^,1,1 



(C,S, ?7,^)(la) 

(c,s, 77, ^)(oi) 




(38) 

(39) 
(40) 

(41) 



Then, the state |2,0)oi|0)a only has the component of 
|0)o'|l)i'|l)a', while the states |2, l)oi|0)a and |2,2)oi|0)a 
do not. This means that if we observe the state 
|0)o'|l)i'|l)a' with iV = 2 by the photon detectors, we 
measure the desired state |2,0)oi. The probability to 
detect |0)o'|l)i'|l)a' as the conditional measurement of 
|2,0)oi is determined with the above parameters as 



p(iV = 2) = |5o|'=3/8. 



(42) 



Similarly, we can measure the Bell states |2,±l)oi. It 
is even desired that this method with linear optical op- 
erations for the conditional Bell measurement may be 
extended to the cases of > 3. 



IV. TELEPORTATION AND MANIPULATION 

We now investigate the number state teleportation 
with number sum measurement. In general, the input 
state (mode 0) is prepared as 



n=0 



|")o- 



(43) 



Alice and Bob share some entanglement resource 
|EPR)i2, as presented in Sec. |n] Then, Alice performs 
the number sum measurement on the modes and 1, 
as described in Sec. IIIII Then, after Alice succeeds in 
the measurement of |A^,0)oi with some probability. Bob 
obtains the output state in the mode 2 as 



|V'out>2 = io(^,0||^i„)o|EPR) 

00 

n=0 
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(44) 



We here do not suppose the unitary transformation by 
Bob for simplicity. It is interesting that experimental 
results have been reported recently for the teleportation 
of vacuum-one-photon qubit based on this Bell measure- 
ment with TV 1 [l0ll2l|. 



A. Number difference resource 

The output state using an EPR resource |0, d) J^'' with 
number difference is given as 



N 



|^/'out)2 

with (fc n) 



N — 71 



N + 1 {0 <n < N). 



(45) 



(46) 



Hence, this teleportation realizes the reversal of number 
distribution as {0,1, . . . , N) {N, ...,1,0), and the in- 
formation of d in the EPR resource is encoded in the 
output state. 

In particular, using the squeezed vacuum state |A) we 
obtain a manipulation. 



N — 71 



(0 < n < N), 



(47) 



where the overall factor independent of n is omitted for 
simplicity. The probability P = 2('0out|'0out)2 to obtain 
this output state is calculated depending on the relevant 
parameters by 



N 



P{N,X,c" 



n=0 



N 



N-n' 



(48) 
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TABLE I: Some basic manipulations are listed together with the EPR resources. The projective measurement is made for the 
Bell state |iV,0) with number sum N and phase difference 0. The overall factors in the resultant output states are omitted for 
simplicity, (a) Reversal + scaling rearranges the number state amplitudes in reverse order together with scaling by the squeezing 
parameter A. (b) Reversal + derivative rearranges the number state amplitudes in reverse order together with differentiation 
with respect to A. (c) Number shift makes addition or subtraction of |AA'^| photons, (d) Scaling makes magnification of the 
number state amplitudes by the powers of r (the ratio of the squeezing parameters) . 

(a) Reversal + scaling (b) Reversal + derivative (c) Number shift (d) Scaling 

[EPR) \\) |A,-1) iiV,0,r = l) \N = N,0,r) 

iitput c°"* 

Photon number range n 



Output cT y'4_„ (n + l)X"c%_^ cilVAiv (AiV = iV - N) r"4r (r = A'/A) 



N—n ^ ' ^ N—n 

input N,...,0 N,...,0 max[0, AiV], . . . , iV 0,...,N 

output 0,...,N 0,...,N max[0, -AAf],...,iV 0,...,N 



Here the success probability p{N) for the conditional 
measurement of |iV, 0)i2, as given in Eq. H42|l . is omitted 
for simplicity. 

By using the photon-subtracted state |A, — 1), we also 
obtain a manipulation, 

C^{n + l)X-4_,jO<n<N), (49) 

corresponding to the derivative (iA"+^/(iA = {n + 1)A". 
The success probability is calculated as 



P(iV,A,-l,c" 



(1-A2) 



2\3 



(Ar + l)(l + A2) 



N 



2n I in |2 



(50) 



B. Number sum resource 



The output state using an EPR resource \N, d) J^'' with 
number sum N is given as 



N 



|7/'out)2 = , } Y] 4Cfe+Ajv|fc)2 (51) 

vn + 1 ,t:„ 



with 



cT = rf„C+A^/V7V + 1 (no < n < N), (52) 



where 



AN = N-N, 
no = max[0, -A7V]. 



(53) 
(54) 



Hence, this teleportation realizes the number shift of AA^ 
as 



\n + AN) \n). 



(55) 



Due to the conditions < k < N and < ^ < iV with 
I = N — k, the sum is taken over the photon number n 
(k n) in the output state as no < n < iV, i.e., 

n(out)=|0'---'^ (^^^). (56) 
^ ' \ |A7V|,...,7V (iV<iV) ^ ' 



Here it should be noted that for the case oi N < N the 
number state is truncated below |AiV| as well as above 
N. 

By using specifically the generalized number-phase 
Bell state jA'^, 0, r)i2, wc obtain a manipulation. 



'■"C+A^ (no < n < N) 



(57) 



with the probability 
P{N, N, r, c'") = 



1 „2 ^ „2n\ in 12 



1_,,2(JV+1) ^ 
n—riQ 



That is, the scaling by r. 



(59) 



is realized in addition to the number shift of AA^. The 
scaling factor r = A'/A may be larger or smaller than 
1 by adjusting the two squeezing parameters. This ma- 
nipulation H57|l may be decomposed to the number shift 
of AA^ with r = 1 (A = A') and the scaling by r with 
N ^ N. 



C. Various manipulations 

We have obtained some basic manipulations of number 
states via teleportation, where the projective measure- 
ment of the Bell state |-/V,0) with number sum N and 
phase difference is adopted. They are listed together 
with the EPR resources in Tabled (a) Reversal -I- scal- 
ing rearranges the number state amplitudes in reverse 
order together with scaling by the squeezing parameter 
A. (b) Reversal -I- derivative rearranges the number state 
amplitudes in reverse order together with differentiation 
with respect to A. (c) Number shift makes addition or 
subtraction of \AN\ photons, (d) Scaling makes magni- 
fication of the number state amplitudes by the powers 
of r (the ratio of the squeezing parameters). In these 
manipulations, the number states are truncated by the 
photon numbers of the Bell state and the EPR resources. 
The success probabilities of these manipulations may be 
evaluated in Eqs. ifSUI) and typically for the 
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state with uniform number distribution up to N, i.e., 



1/{N + 1) for n 



0,1, 



. N and ci" = for 



n > 1: 



(a) 



p{N) 
(^ + 1)2 



(1-A2(^+i)), 



(60) 



Pic) = 



p{N) (1-A2)3 ^ 



(d) 



(TV +1)2 (1 + A2) 



p{N) 



J2in + 1?\'\ (61) 



(AT + 1)2 

p(^) 

(^+1)2 



1 - 



no 



N+1 



(62) 
(63) 



Here the success probabihty p{N) for the conditional 
measurement of |A'^,0)i2 is also included, as given in Eq. 

By combining these teleportation-based tools (a) - (d), 
we can perform various manipulations of number states, 
as presented in the following. The net success probabil- 
ities are roughly estimated with - P(^ci) in Eqs. l|Bn|) 
- They may appear to be somewhat small since 

the success probability P{N, A, A') as given in Eq. H16|) 
is further multiplied for the manipulations (c) and (d) to 
prepare the EPR resource \N, 0, r). 

The genuine reversal of number state can be realized 
since the scaling associated with the manipulation (a) 
can be cancelled by the manipulation (d) with suitably 
adjusted squeezing parameters: 



(d)[r = A7A = l/A"].(a)[A"] 
^(cir,...,c^)-(4,...,C). 



(64) 



The net success probability for the reversal is estimated 
from Eqs. linOll and together with Eq. (^HJ as 



P(reversal) 



e(iV+ 1)6' 



(65) 



Numerically, we have P (reversal) = 6 x 10 for a qubit 
(|0) + 0.5|l))/\/l + 0.5 with A = 0.49, A' = 0.7, A" = 0.7 
and p{N = 1) = 1, and P(reversal) — 2 x 10^^ for a 
qutrit (|0) + 0.5|1) + 0.52|2))/Vl + 0.5 + O.52 with A = 
0.7, A' = 0.49, A" = 0.7 and p{N = 2) = 3/8. 

On the other hand, by making the (a) reversal + scal- 
ing twice, we obtain the (d) scaling as 

(a)[A'].(a)[A]^(d)[r = A7A], (66) 



I.e. 



\ n in 

Cat 

N—r 



\N — nin 



A^r"c;". 



(67) 



This really corresponds to the fact that two number- 
phase measurements are made for the number state tele- 
portation with the number-phase Bell states, as described 
inRef. B. 



We can also make some manipulations by using the 
(c) number shift with truncation. By choosing N = N 
{AN = 0) in the (c), i.e., r = 1 in the (d), we obtain the 
quantum scissors H, 0, 0| , 



' ■ 



-AT' 



0,...). (68) 



The success probability is estimated with Eqs. (|16|l and 

as 



P(scissors; N) 



p{Nf 



e(iV+ 1)4 



(69) 



Furthermore, by using the (c) number shift twice with 
{N,N) = {N2 ~ Ni,N2) {AN ^ Ni > 0) and then 
{N, N) = {N2, N2-N1) {AN = -Ni < 0), we obtain an- 
other kind of scissors which cuts both sides of the number 
state {n < Ni and n > N2) as 



I.e., 



(0,.. 



,0,...) 



•) 



I 0, C^Ni I 



-No' 



0,...), 



N2 



(70) 



(71) 



where the normalization factor in the output state is 
omitted. The net success probability is estimated with 
Eqs. lUni) and ^ as 



P (scissors; iVi, A'2) 



p{N2 - Ni)MN2)^ 
e^{N2 - Ni + 1)3 (7V2 + 1)5 



(72) 



By choosing particularly iVi = iV2 = > in Eq. 
()71|l . we obtain a quantum extractor as 



Y,C\n)^\N) (Ici^l^O), 

n=0 



(73) 



transmitting only the specific number state |A^). If c'^ ~ 
incidentally, the combined measurements with A'^i = 
N2 = N as mentioned above to extract |A^) succeed with 
zero probability; the state |A^) cannot be extracted if the 
input state does not contain it. Single-photon quantum- 
nondemolition detectors with linear optics and projective 
measurements have been considered recently j22j . This 
quantum extractor in fact acts as A'^-photon quantum- 
nondemolition detector for = 0, 1,2, and so on. The 
success probability is estimated in Eq. 172|l with A^i = 
N2=N and p{0) = 1 as 



P(extractor; N) 



p{Nf 



e2(Af + 1)5' 



(74) 



The A'^-photon source may be obtained more efficiently 
in another way from the vacuum state |0) with the EPR 
resource | A^, 0, 1) and the measurement of |0, 0) as 



(c)[A^; AT = 0] ^ |0) |A^). 



(75) 
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Reversal 



FIG. 4: A chain of the elements to reahze the reversal of 
photon number states, as described in Eq. (1641 . The circles 
and triangles represent the squeezed vacuum states and Bell 
measurements, respectively. The manipulations (a) and (d) 
are indicated with dotted boxes. It is also seen that the (d) 
is composed of the two (a)'s, as described in Eq. 



The success probability is estimated from Eqs. Hl()|) and 
(|^ with p{N = 0) = 1 as 



P(|0) - |iV)) 



piN) 



c(iV+ 1)3 



(76) 



Nmiicrically, we have P(|0) |1)) = 7x10"^ with 
p{N = 1) = 1 and A = 0.5 for the single-photon source, 
and P(|0) ^ |2)) = 8 X lO^^ with p{N = 2) = 3/8 and 
A = 0.7 for the two-photon source. 

We can even perform the differentiation of polynomials 
by combining the reversal (|64|) , the (b) reversal -I- deriva- 
tive and the (c) number shift with AN = 1 {N = N-1): 

C - 4_JQ <n<N) 

^ (n + l)AV;?_(^_^(0<n<iV) 

^ (n + l)A"C+i(0<"<^ = ^-l)' (77) 



I.e., 



N 



/(A)-ECA'^ 



c5f 
dX 



N-l 



^C+i(n + l)A". (78) 



These teleportation-based manipulations as examined 
so far are in fact built up by connecting the EPR re- 
sources and Bell measurements. For example, shown in 
Fig. 21 is a chain of the elements to realize the rever- 
sal of photon number states, as described in Eq. (|64|l . 
The circles and triangles represent the squeezed vacuum 



states and Bell measurements, respectively. The manip- 
ulations (a) and (d) are indicated with dotted boxes. It 
is also seen that the (d) is composed of the two (a)'s, 
as described in Eq. H()()|) . The photon-subtracted EPR 
resource in Eq. for the manipulation (b) is also ob- 
tained in these diagrams by attaching a beam splitter 
and a single-photon detector to each mode of a squeezed 
vacuum state . In this way, these manipulations form 
a semi-group as chains of the EPR resources and Bell 
measurements. The inverse, however, does not exist for 
any of them, since the number state is truncated by the 
number sum N of the Bell measurement. 

The number state manipulations may also be applied 
to the multi-mode states. It is interesting that the trun- 
cated but ideally squeezed vacuum state is obtained by 
performing the (d) scaling of r = 1/ A on the one mode 
of I A) so as to cancel the squeezing parameter A < 1. It 
achieves maximal entanglement with A = 1 in Eq. ^ 
but finite dimensional, as used for the teleportation in 
generic Hilbert spaces 0|: 

1 ^ 



\N)\N) 



(79) 



The success probability is estimated from Eqs. H14|) and 
^ with r = \"/\' = 1/A and = (1 - A2)1/2a»: 



P{\X = 1,N))^ 



p{Nf 



(1-A")(1-A"2)(1-A'")A 



V /2\ \t2N 



(80) 

Numerically, wc have P{\\ = 1, = 1)) = 1 x 10 ^ for 
(|0)|0) + |l)|l))/\/2andP(|A = l,iV = 2)) = 2xl0-*for 
(|0)|0) + |1)|1) + |2)|2))/V3, respectively, with A = 0.7, 
A' = 0.49, A" = 0.7and p{N = 2) = 3/8. More generally, 
by applying the scissors (|71|l we obtain 

|A = l,iV„iV.) = MH^l±=±a^. (81) 
V(iV2-iVi) + l 

Furthermore, we can make the munipulations as 



|A) ^ \N)\N) -^\N - AN)\N). 



(82) 



It should here be mentioned that an interesting scheme 
has been proposed recently for multi-mode operations on 
number states which are implemented conditionally with 
linear optical operations and zero-one-photon detections 
[23^ . It will be relevant to the present investigation for 
teleportation-based manipulations. While we have used 
specific EPR resources so far, we may prepare on de- 
mand the EPR resources as templates for certain manip- 
ulations. For example, if we prepare the A^-photon EPR 
resource \N,A)'\^^ with djvi = for only one component 
of = iVi in d, we obtain the quantum filter of |A^i) 
state. In this way, we can make various manipulations of 
number states via teleportation with number sum mea- 
surement. 
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V. SUMMARY 

111 summary, we have investigated the number state 
manipulation based on teleportation with number sum 
measurement. In the present scheme, squeezed vacuum 
states with number difference arc used as primary 
entanglement resource, while single-photon sources are 
not required. The projective measurement of the Bell 
state with certain number sum and phase difference is 
adopted specifically as the number sum measurement, 
which may be done with linear optical elements, i.e., 
beam splitters, phase shifters and zero-one-photon de- 
tectors. The number-phase Bell states as A^-photon EPR 
resource are really generated from a pair of squeezed vac- 



uum states by the number sum measurement. Some basic 
manipulations are obtained via teleportation with these 
EPR resources and the number sum Bell measurement. 
Then, by combining these basic tools we can perform var- 
ious manipulations of number states. The desired gener- 
ation of these EPR resources as well as the number sum 
measurement will be realized experimentally with linear 
optics. 
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